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Exercise 8

Prove that two nonzero complex numbers z; and zo have the same moduli if and only if there are
complex numbers ¢; and ¢y such that z; = ¢ico and z9 = cica.
Suggestion: Note that

01+ 02 01 — 02 .
exp | i— exp | i— = exp(if;)

01+ 0, 01 — 6 :
exp | i—— exp | 1= = exp(iba).

and

Solution

Suppose that there are two nonzero complex numbers, z; and zo,

21 = T16i01 zZ9 = T26i02
and that they have the same moduli.
lz1] = |za]  —  |r1€| = |re®®?| = ri=r
If we choose ¢; and ¢ to be
c1 = Tr1exp <i91 —; 02)

b — 0o
Co =
2 = €Xp | 1 9 »

B B <.91+92> <‘91 —92) it
Z1 = C1C2 =T1€exp |1 5 exp { ? =Tnre

then

2

0,+0 0, —0 . .
Z9 = C1C3 = T'1 €XP <z 1;— 2)exp (z ! 5 2)_7’16192_7'26192.

The first part of the proof is complete. Suppose now that there exist complex numbers, ¢; and cs,
such that z1 = ¢jeo and z9 = c1c5. The aim is to show that z; and 29 have the same moduli. If we
have

c1 =ay +ib
co = ag + 1ba,
then
z1 = c1cg = (a1 +iby)(ag + ib2) = ajas — biba + i(a1by + a2by)
29 = 163 = (a1 + 1b1)(ag — iby) = ajaz + bibe + i(—aibe + azby),

and the magnitudes are

|2’1‘ = \/(a1a2 — blbg)z + (a1b2 + a2b1)2 = \/a%a% + a%b% + a%b% + b%b%

|2’2‘ = \/(alag + b1b2)2 + (—a1b2 + a2b1)2 = \/a%ag + a%b% + a%b% + b%bg

in fact equal. Therefore, two nonzero complex numbers, z; and 23, have the same moduli if and
only if there are complex numbers, ¢; and co, such that z; = c1co and 29 = cica.

www.stemjock.com



